Since _i_1 di = d, tlle total time required by the Multiphase algorithm is Of particular interest to the ensuing discussion is the time required by an equipartition, which is obtained by combining (3) and (4):
For a partition .A_,,_ = {al,a2,...,an}, we have 
Properties of Equipartitions
Several properties of 2E_," and 2 -C_," shall be useful in the ensuing discussion and are presented in this Section. In understanding these properties, it is useful to refer to _'7,7
The first three properties arise from the theory of Schur-convexity[12] which we summarize as follows. Proof.
We have from (7) td,e,,, {111111}, {222}, {33} and {6}. Onlyafew of the remaining partitions_ are labeled to avoid a congested plot, but we can see that out of the 11 partitions of the integer 6, only the abovementioned 4 equipartitions contribute a face to the hull.
We now prove Properties 6 and 7 which are also illustrated in Figure 1 . 
Main Theorems
The properties proved above permit us to determine the maximum number of faces on the hull of optimality. Table 4 lists all partitions of the integers 1-..7. Proof. By induction on the partitions of integers _< d.
Basis step:
The smallest integer that has a non-equipartition is 4, which has only one: {13}. As the basis step of our induction, we shall prove that td,{13} can never touch the hull.
The equations for the 5 partitions of 4 are, from (1),
The point of intersection of Q,{4} and td,{22) is When a partition is augmented, a new non-equipartition of cardinality k can be created by augmenting (1) a non-equipartition of cardinality j or (2) an equipartition of cardinality j. In the first case our hypothesis continues to hold since a non-equipartition not touching the hull is transformed into an non-equipartition that still does not touch the hull. These will permit us to improve the bound on the number of faces to O(yrd).
At this point we prove a theorem that shall permit us to place a lower bound on the number of faces on the hull.
Theorem 2 Every equipartition must touch the hull of optimality.
Proof. By induction on d. (5) to each of t&,,, 1 < i < n (see equation (1) _cd,p-,
The times for these equipartitionsare
Since we are dealing with equipartitions of the integer d,
These yield the following relations
2O
Substituting (11) and (12) in (9) and (10) we obtain the system
tEa,p+1
tEa,p_,
Adding (14) and (15) 
